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Abstract. The paper deals with modelling of a circular piezoelectric actuator under electrical loading. A three-
layer transducer is analysed. The outer layers of the transducer are made of non-piezoelectric material. The
middle layer comprises two elements — a piezoelectric disk, and a ring made of non-piezoelectric material. This
design protects the electrical components of the converter against harmful external factors (e.g. high-
temperature, chemically active atmosphere). For such a transducer, there is an analytical model describing its
deflection as a function of the applied load. Closed-form analytical equations are important tools for predicting
and optimizing the operation of devices. However, it should be remembered that analytical models often use
various simplifications. Such simplification, in some situations, may cause that the deflection determined with
the analytical solution may differ from the actual deflection of the transducer. Therefore, in this paper the results
obtained using the analytical model, were compared with the numerical results (no simplifications were used in
the numerical simulation). The tests were performed for various constructional variants of the transducer,
determined by selected non-dimensional parameters. These parameters include dimensions and mechanical
properties of both the piezoelectric disk and passive plates. The obtained results made it possible to determine
the degree of applicability of the analytical solution. It was found that the analytical model gives correct results,
when the piezoelectric disk is made of various piezoelectric materials (e.g. Lead Zirconate Titanate (PZT),
Polyvinylidene Fluoride (PVDF), whereas the passive components are layers made of materials used in MEMS
(micro-electro mechanical system), such as silicon, silicon nitride, and most metals. Moreover, the range of
relative thicknesses of individual transducer layers was determined, for which the convergence of analytical and
numerical solution is obtained.
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Introduction

Currently, piezoelectric transducers are used to measure and / or regulate a wide spectrum of
physical quantities, such as force, deformation, temperature, pressure, etc. The principle of their
operation is based on the conversion of electrical energy into mechanical or vice versa [1-6]. The
relationship between deformation and the electric field is determined by the constitutive equation [7-
8]. This equation is the basis for determining the electromechanical characteristics of the transducer
(the relationship between deflection and the applied electrical or mechanical load). The ability to
predict the conditions of transducer deformation is very useful, because it allows to increase its
efficiency at the design stage. This can be accomplished, for example, by achieving greater transducer
deflection when using less input power, often while reducing the transducer weight or its dimensions.f

In practice, most piezoelectric transducers usually have a layered structure, which causes some
difficulties in determining their characteristics. For actual transducers, the dependence between
deflection and the applied load can be determined through numerical [9-12], analytical-numerical [12-
15] or analytical methods. Currently, numerical methods are very popular. This is due to the fact that
the majority of commercial programs supporting the design process allow relatively simple modelling
of many physical processes (strength calculation [16-17], friction-flow analyses, [18-25],
piezoelectricity [26]). However, many scientists, trying to provide more sophisticated design methods,
develop new closed-form analytical solutions that are important tools for predicting and optimizing the
operation of piezoelectric transducers. The methods of obtaining analytical solutions and their form
depend mainly on the geometrical and material features of the transducers and the conditions of
fastening and loading.

Analytical solutions for transducers with beam construction of equal length of the passive and
piezoelectric layers are presented in papers [27-30]. In [27], a double-layer transducer was analysed. In
the paper [28], there is the issue of a three-layer converter, whereas in [29-30] — a multi-layer one.

Electromechanical characteristics of two-layer transducers with various layer lengths are
discussed in [31-32]. Analytical modelling of two- and three-layer transducers with freely defined
boundary conditions and geometry was also discussed in [33-34]. The authors obtained the
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electromechanical characteristics of transducers using the following methods: the elementary theory of
elasticity[27], the energetic method [28, 29],the Airy stress function method [30], the beam theory
[31], the Lagrange method [32], the implementation of piezoelectric segments into the beam [33-34].

Membrane converters are another group of piezoelectric transducers. In works [35-38],
electromechanical characteristics are given and the impact of the design parameters on the
performance characteristics of two-layer piezoelectric circular transducers is discussed. The
relationship between deflection and applied load was obtained using a method based on the Plate
Theory. This approach can also be used for three-layer [39-40] or multi-layer [41] circular converters.
Additional layers (piezoelectric or passive) in the transducer can perform various functions, e.g. they
allow to increase the deflection of the transducer while reducing its dimensions [42]. The use of an
additional external non-electrical layer in the transmitter design [40] can also protect the transmitter’s
electrical components against damage caused by external factors. Furthermore, in the event of
sparking on the transducer wires / electrodes, this layer prevents possible fire.

Obtaining a closed-form analytical equation requires formulation and solution of constitutive
equations. These equations combine geometric features, material properties, and physical parameters,
such as, for example, the electric field. Solving such a system of equations is very difficult. The
material and geometrical inhomogeneity of the global transducer structure forces the use of certain
simplifications. Such simplification, in some situations, may cause that the deflection determined with
the analytical solution may differ from the actual deflection of the transducer.

Therefore, in the presented work the results obtained through the analytical model [40] were
compared with the numerical results (no simplifications were used in the numerical simulation). The
tests were carried out for various constructional variants of the transducer, determined by selected
dimensionless parameters. These parameters include dimensions and mechanical properties of both the
piezoelectric disk and passive plates.

The construction of the analysed transducer, its analytical model and FEM modelling are
discussed in section 2. The comparison of electromechanical characteristics obtained through the
analytical and numerical solutions are given in chapter 3. The third chapter also specifies the degree of
applicability of the analytical solution. The conclusions of the study are presented in the last section.

Materials and methods

1. Object of study

The transducer (Fig. 1) built of four components is analysed in the work. The outer layers, ¢, and
t; thick, are passive components.
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Fig. 1. Structure of the circular tree layered piezoelectric transducer

-
45,

i

Between them there is a piezoelectric disk and a passive ring. The task of the ring, which can be
made of foam, for example, is to stabilize the electrical wires that supply current to the electrodes of
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the piezoelectric disk. The disk and ring have the same thickness - #, = t4,. Moreover, the outer radius
of the disk is the same as the inner radius of the ring and is equal to R,. All passive components have
an identical outer radius - R and are fixed on external cylindrical surfaces. Transducer deflection is
caused by a transverse piezoelectric effect (caused by the action of V voltage) that occurs in a
piezoelectric disk. For such a transducer (Fig. 1), the authors of [40] developed an analytical model
describing the relationship between deflection and the applied electrical load:

w,(r):ﬂ,rSRo
wr)= (1)

w,,(r):%,Ro <r<R

where

2 2
A, =3dy E,VR,? (1 +1,) (1-v,7) (1+V2)[r2 [1—%}21%2 ln[Rﬁn,

0 0

Ay =3dy E3VR, (1 +1,) (1-v2) (140, )((r2 —R?)+2R? zn(ﬁn,

(v? —1)(F, H(14v,) (2t (Fy + ) (<140 )+ By ))
(v, —1)(v32 —1)(1/42 —1)

F, =E, (V32 —1)(1/42 —1)(R2 —Ro®) (312 + 61,1, +41,” )1,
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F; =R? (3;12 61,1y + 61,7 + 6113 + 61ty + 4157 + 611, + 6151, +61,° +6(t, —1,) (1 +1, 13 +1,) V3 )
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E; — Young’s modules, v-Poisson’s ratios, d3;-piezoelectric constant.

The analytical model was developed using the constitutive compounds of piezoelectric materials
and Plate Theories [43]. The analytical model has been positively verified. However, the approach
used by the authors of the paper [40] enforces the use of certain simplifications, such as, e.g. skipping
shear deformation and neglecting the longitudinal and shear piezoelectric effects. Studies on double-
layer round transducers [44- 45] have shown that such simplifications (for certain geometrical-material
configurations of transducers) cause significant errors in predicting transducer deflection using the
analytical model. Therefore, the need to determine the scope of validity of the analytical solution is
justified (1). This scope can be determined, e.g. by comparing the results obtained from the analytical
model with the results obtained using numerical methods (without using any simplifications in the
numerical models). Therefore, for various geometrical and material variants of the transducer
(determined by selected non-dimensional variables), its electromechanical characteristics were
determined (analytically and numerically). Analytical solutions were obtained on the basis of equation
(1). As for the numerical tests, they were performed using the finite element method (FEM). FEM
modelling is discussed in the next subsection.

2. FEM modelling

Numerical simulations were performed using COMSOL Multiphysics software [46-48]. Figure 2
shows, for an arbitrarily chosen geometrical configuration of the transducer, division into finite
elements and applied boundary conditions. A half symmetry axisymmetric model of the transducer
was built using 6-node triangular plane elements. A self-adaptive finite element mesh was used,
matching the modelled geometry and physical phenomenon (in COMSOL environment this option is
called “Physics-controlled mesh”). In addition, the mesh was manually condensed at the end of both
the piezoelectric disk and the transducer.
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Fig. 2. Finite element mesh and boundary conditions

It is worth mentioning that when modelling piezoelectric materials using COMSOL software,
there is no need to choose manually specific type of element. The finite element type is selected
automatically depending on the modelled physical problem.

As for the boundary conditions, the transducer outer cylindrical surfaces are fixed supported and
the electrical load (V=0 and V =100V) is applied to the nodes lying in the connection planes of the
piezoelectric disk with the passive layers (red lines in Figure 2).

Numerical simulations were performed for various constructional and material variants of the
transducer. In the analyses performed, it was assumed that the external radius of the transducer is
constant and equals: R = 6 x 10> m. The thickness (£ = £, = 5 x 10™* m) and material of components in
the middle layer are also constant. The piezoelectric disk is made of PZT-5H (Lead Zirconate
Titanate), while the middle ring is made of foam. The properties of these materials are shown in the
table below.

Table 1
Properties of PZT-5H and foam
Material | Property Tensor
(in order of X,y,z, yz,xz and xy, where x =1,y =2,2=3, yz =4,
xz =5, Xy =06)
PZT-5H | Compliance S, Pa” (165 —478 845 0 0 0 |
165 -845 0 0 0
207 0 0 0 .
x 10
435 0 0
symetric 435 0
| 426 |
Coupling d;, C-m” [0 0 —2.74]
0 0 274
0 0 593 |
0 741 O
741 0 0
L0 0 0 |
Relative permittivity, &; (17044 0 0
0 1704.4 0
| 0 0 1433.6
Foam Young’s modulus E4, Pa 353 x 10°
Poisson ratio vy 0.383

As for the outer layers, it was assumed that both layers have the same Poisson’s ratio, which is
vy =v3=.0.33. Young’s modules (E;, E;) and thicknesses (f;, f;) of these layers were variable.
Furthermore, the calculations were performed for various values of the radius of the piezoelectric disk
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R,. The range of variability of the above parameters (defined by non-dimensional variables) is
discussed in the next chapter. As regards the applied electrical load, it was always V= 100V.

Results and discussion

As already mentioned, the goal of this work was to determine the scope of applicability of the
analytical model of the analysed transducer. The numerical solutions developed were not used to
assess the accuracy of the analytical solution. FEM solutions (without simplifications, which were
assumed in the exact solution) were used for comparative analyses. By comparing the analytical and
numerical solutions, it was possible to determine the range of transducer parameters for which both
solutions coincide (parameters determine the range in which, despite simplifications, an analytical
solution is suitable).

When determining the degree of applicability, consideration should be given to both the
geometrical and material features of the transducer. Therefore, analyses were made for the following
non-dimensional variables (including variability of geometry (z,, R,) and transducer materials (E,):

e the relative thickness of piezo and non-piezo elements: 7, = £,/(t; + t3);
e the relative radius of the piezoelectric disk and non-piezoelectric layers: R, = R,/R;
e the elastic moduli ratio of piezo and non-piezoelectric components: E, = E»/(E; + E3).

For the arbitrarily assumed range of variation of the tan parameters R, and E,, the deflection of the
transducer centre point (r = 0) was calculated using the formula (1). The results obtained in this way
were compared with the FEM results. In the analytical solution only the transverse piezoelectric effect
was taken into account (dz; = -2.74- 101 C/N). Furthermore, in the analytical model it was assumed
that the piezoelectric material is isotropic, and its Young’s modulus and Poisson’s ratio are
respectively: E, =1/S;; =6.06-1010Pa, v, =-55/5;; =0.289. Other geometrical and material
parameters used in the analytical solution were the same as in the numerical models.
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Fig. 3. Transducer deflection in the R, parameter domain: a — £, =0.01, 7, = 0.5;
b-E,=0.01,7,=2;¢c-E,=10,1,=0.5
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An important thing in predicting the transducer behaviour is to determine the optimal ratio of the
piezoelectric disk radius and passive layers — R,. Therefore, in the first stage of the research,
characteristics describing transducer deflection in the domain of the R, parameter were developed. The
obtained characteristics, determined for various values of parameters f, and E,, are shown in Figure 3.

Analysing the obtained results, it can be stated that the optimal values of the R, parameter (values
for which the highest deflection of the transducer is obtained), determined using FEM and analytical
solutions, are almost identical for small E, values and similar, when using components with a greater
diversity of Young’s moduli and relative layer thickness (for E, =10 the error is about 5.8 %).
Furthermore, as the value of E, and ¢, parameters increases, the error in the determined transducer
deflection increases — the deflection determined through the analytical solution is greater than the
deflection obtained from numerical simulations. Therefore, it was necessary to develop the
electromechanical characteristics of the transducer in the domain of E, and ¢,.
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Fig. 4. Transducer deflection in the E, parameter domain (R, = 06), a- 7, = 0.5, b- £, =2

Table 2
E, parameter values for associated materials used in piezoelectric transducers,
Young’s moduli (E, — for passive materials, E| ; — piezolectric materials) is given in brackets

Piezoelectric materials

soft APC soft PTZ PVDF hard APC | hard PTZ
(66.6GPa) | (62.1GPa) | (3 GPa) | (85.4 GPa) | (86.9GPa)

f‘lﬂzi;"épa) 0.26 0.24 0.012 0.33 0.34
. f;gcé’r[‘,g’“de 0.46 0.43 0.021 0.58 0.60
- | Silicon nitride
% (304 GPa) 0.11 0.10 0.005 0.14 0.14
g %Ei}%‘%rbide 0.08 0.07 0.003 0.10 0.10
> | 7 Gra) 0.16 0.15 0.007 0.21 0.21
% églgllr,‘;)m 0.48 0.45 0.022 0.62 0.63
= 81;3“2‘}‘,1:; Oxide | g 0.08 0.004 0.11 0.11

Sggpgpa) 0.25 0.23 0.011 0.32 0.32

These characteristics made it possible to determine the limit values of dimensionless variables,
beyond which a divergence of analytical and numerical solutions occurs. The characteristics in the
domain of E, are shown in Figure 4.
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Analysing the characteristics presented in Figure 4, it can be seen that the limit value of the E,
parameter, after exceeding which there is a divergence of both solutions (the assumption of linearity of
deformations in the analytical solution loses validity), strongly depends on the relative thickness of the
layers in the transducer. Therefore, for typical materials used for passive [49] and piezoelectric [50]
elements in MEMS devices, E, values were calculated (assuming that the outer layers are made of the
same material E, = E3), as shown in Table 2. Then, for selected specific parameters E, (Table 2),
electromechanical characteristics in the domain of the 7, parameter were determined. The obtained
characteristics are shown in Figure 5.
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Fig. 5. Transducer deflection in the tg parameter domain (R, = 0.6): a— E, = 0.1;
b-E,=025¢c-E,=05;d-E,=0.25

Analysing the obtained results, it can be stated that for piezoelectric transducers made of typical
materials used in MEMS, convergence of analytical and numerical solutions is always obtained, when
the #, parameter is less than 1 (in most commonly used transducers 7, < 1.5). What is more, the error
between the two solutions increases, as the relative thickness varies. It should also be noted that after
exceeding a certain value of the 7, parameter (e.g. f, = 2.8, Fig. 5¢), the assumption about the linearity
of deformation of individual transducer components adopted in the analytical solution loses validity.

Therefore, in such situation the analytical model should not be used in predicting the transducer
performance.
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Conclusions

1. Based on the results obtained, it can be concluded that the analytical solution can always be used
to predict the optimal relative radius of the piezoelectric disk and non-piezoelectric layers
(minimal (for E, = 0.01) and maximal (for E, = 10) errors are 0.8 % and 5.8 % accordingly).

2. The analysis shows that the analytical model can be used for predicting the transducer deflection
value, when the piezoelectric disk is made of various piezoelectric materials (e.g. PZT, PVDF,
APC), and the passive components from materials commonly used in MEMS, such as silicon,
silicon nitride, silicon oxide and most metals.

3. However, it should be remembered that the accuracy of the results obtained depends on the
relative thickness of the transducer layers (in general, the results obtained from the analytical
solution are sensible, when the #, parameter is less than 1.5- after exceeding this threshold, the
solutions are divergent and the error is greater than 15 %).
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